On Multinomial Coefficients Modulo a Prime  by Chao, Chong-Yun & Zhang, Mou-Cheng
Europ. J. Combinatorics (1988) 9, 23-26 
On Multinomial Coefficients Modulo a Prime 
CHONG-YUN CHAO AND MOU-CHENG ZHANG* 
We determine the positive integers n such that all of the coefficients in the expansion of the 
multinomial (XI + X2 + ... + Xk)n, k ;;. 2, are congruent to either 0 or I modulo an odd prime 
p. We also show that there does not exist any positive integer n such that all of the coefficients in 
the expansion of the multinomial (XI + X 2 + ... + xm - xm + I - Xm + 2 - ••• - xm + k)"' 
m ;;. I and m + k ;;. 3, are congruent to either 0 or I modulo an odd prime p. 
Let Zp be the field of integers modulo p and Zp[xl , XZ, ... , xd be the polynomial ring 
over Zp with indeterminates XI' X2, ... , Xk where X; x) = xix; for i, j = 1,2, ... , k. The 
purpose of this note is to prove the following. 
THEOREM 1. Let p be an odd prime, n be a positive integer and (XI + Xz + ... + 
Xs + I)" E Zp[xl , X2, ... ,xs]' Then all of the multinomial coefficients in the expansion of 
(XI + X2 + ... + Xs + I)" are either 0 or 1, if and only ifn = p'1 + p'2 + ... + p'm for 
some integers tl , t2, ... , tm such that 0 ~ tl < t2 < ... < tm. 
THEOREM 2. Let p be an odd prime and (XI + X2 + ... + Xm - Xm+ I - Xm+2 -
... - Xm+k)" E Zp [XI' X2, ... , Xm, Xm+l , xm+2, ... , xm+d where m ;;;. 1, k ;;;. 1 and 
m + k ;;;. 3. Then there does not exist any positive integer n such that all of the multinomial 
coefficients in the expansion of (XI + X2 + ... + Xm - Xm + I - Xm + 2 - ... - Xm + k)" 
are either 0 or 1. 
Our theorems arose from a construction of a finite, simple, 100pless and directed graph 
whose adjacency matrix is nilpotent of index t over Zp for any integer t ;;;. 2. For this 
construction, we had to choose a suitable positive integer n so that all of the coefficients in 
the expansion of g(e - g)" are either 0 or 1 modulo a prime p where g(e - g)" is an element 
in the fundamental ideal of a finite p-group algebra over Zp. Our proofs here depend 
on a generalization of a well known theorem of Lucas. Lucas' theorem states: Let p 
be a prime, and nand k be positive integers such that n = no + n l P + ... + n, p' 
and k = ko + kl p + ... + k, p' where 0 ~ n;, k; < p for i = 1, 2, ... , t. Then the 
binomial coefficient 
(:) = (::) (::) ... (::) mod p (1) 
where G;) = 0 if k; > n;, and m is defined to be 1. (See [1] and [2].) In terms of multinomial 
coefficie~ ts, (1) is 
( n ) = iI ( n) ) mod p. k, n - k ) = 0 k), n) - k) (2) 
A generalization of Lucas' theorem may be stated as follows: Let p be a prime, and n, 
kl' k2' ... , ks be non-negative integers such that 
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and ki = kiO + kil P + ... + kit p' for i = I, 2, ... ,s, where ° :::; nj , kij < p for 
i = 1,2, ... ,s andj = 0, I, ... , t. Then the multinomial coefficient 
(kl' k2"'~' k" ms+J == }] (klj , k2j ,·· ~j, ksj ' ms+IJ (3) 
where ms+ I = n - L~~I kq, ms+ l,j = nj - L~~I kqj' and if L~~I kqj > nj , then 
(klj.k2j .... \j.ms+ I) = O. Also, (0.0 .. ° .. 0.0) is defined to be l. 
The left side of (3) is the coefficient of the term X~I X~2 ... x~s I ms + I in the expansion of 
(XI + X2 + ... + Xs + I)". The right side of (3) is the coefficient of the same term in the 
expansion of (XI + X2 + ... + Xs + 1)" = rr;~o (XI + X2 + ... + Xs + l)nj pl. 
In order to prove our Theorem I, we need the following 
LEMMA 1.1. Let p be an odd prime. If n = no + n l P + ... + n, pI, with 0 :::; ni < p, 
then,for ° :::; i :::; t, 
( n ) . . == nimodp. pI, 0, ... ,0, n - pI 
(4) 
PROOF. By (3) with kl = i and k2 = k3 = ... = ks = 0, we have 
(pi, 0, ... ~ 0, n - pi) == (0,0, . ~~ ,0, nJ ... (1,0, ... ~io, ni - I) ... 
x ( n, ) mod p. (5) 
0,0, ... ,0, n, 
On the right side, every multinomial coefficient is I, except (I.O.J.n;-I) = ni • Thus, (4) 
follows. 
The proof of theorem I goes as follows: We know that any non-negative integer n can 
be uniquely written as n = no + nIP + ... + nIP' with 0 :::; ni < p. Let ms+ I = n -
L~~I kq, and 
be the coefficient of any term in the expansion of (XI + X2 + ... + Xs + 1)". Then, by (3), 
we have 
where ki = kiO + kilP + ... + kitP', for i = 1,2, ... , s. 
If n = P'I + p'2 + ... + p'm where /1, 12, ... , tm are integers such that ° :::; 11 < 
t2 < ... < /m' this means that each nj is either ° or 1 for j = 1, 2, ... , s, and it follows 
that all of the multinomial coefficients in the expansion of (XI + X2 + ... + Xs + l)n = 
(XI + X2 + ... + Xs + ly" +/2 + .. +p'm are either ° or 1 modulo p .. 
Conversely, if all of the multinomial coefficients in the expansion of (XI + X2 + ... + 
X, + 1)" are either 0 or 1, we want to show n = P'I + p'2 + ... + p'm with ° :::; 11 < 
/2 < ... < 1m' We know that every non-negative integer n can be uniquely written as 
n = no + n l P + n2p2 + ... + nIP' with ° :::; no, n l , ••• , n, < p. Suppose that ni was 
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neither 0 nor I in the unique expression of n. Then the coefficient of the term x';; . I . I ..... 1 
would be, by Lemma 1.1, 
( n ) . . = n;modp. p', 0, ... ,0, n - p' 
That is a contradiction, and n = pll + pl2 + ... + p'm with 0 :::;; t, < 12 < ... < tm. 
COROLLARY 1.1. Let p be an odd prime andn be a positive integer. Then all of the binomial 
coefficients G), k = 0, I, ... , n, are congruent to either 0 or I modulo p, if and only 
if n = p'1 + p'2 + ... + p'm for some integers t" t2, ... , tm such that 0 :::;; t, < t2 < 
... < tm • 
LEMMA 2.1. Let P be an odd prime. Then 
(a) forO :::;; k < p, (Pk') = (-I)kmodp~and 
(b) for n = no + n, p + ... + n l p' with 0 :::;; no, n" ... , n l < p, (;J = n; mod p. 
PROOF. 
(
p -k I) = (p - I)(p - 2)··· (p - k) _ (-1)(-2)··· (-k) _ k (a) k! = k! =(-1) modp. 
(b) It follows from Lucas' theorem. 
LEMMA 2.2. Let p be an odd prime, n be a positive integer and (x - It E Zp[x]. Then 
all of the coefficients, (_I)k G), in the expansion of (x - It are either 0 or I, if and 
only if n = (p - I)(P" + p'2 + ... + p'm) for some integers t" t2, ... , tm such that 
o :::;; t, < t2 < ... < tm. 
PROOF. We express nand k uniquely as n = no + n, p + n2p2 + ... + nl pI and 
k = ko + kIP + k2P2 + ... + k,P' with 0 :::;; n;, k; < P for i = 0, I, ... ,p - 1. If 
n = (p - I)(P" + p'2 + ... + p'm) with 0 :::;; t, < t2 < ... < tm, then each n;is either 
o or p - 1. Let (- I)k G) be the coefficient of any term in the expansion of (x - It. By 
Lucas' theorem, we have 
(6) 
In (6), since p in an odd prime, (- l)kjpj = (-Ilj. Ifn; = p - I, then by Lemma 2.1 (a), 
(-Il;p;(::) = (_I)k;(_I)k; = I modp. (7) 
If n; = 0 and k; = 0, then 
k . (n;) ( - I) ;p' k; = I mod p. (8) 
If n; = 0 and k; #- 0, then 
(_I)k;p;(::) = Omodp. (9) 
Substituting (7), (8) and (9) into (6), we have (- l)k (Z) = 0 or T mod p. 
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Conversely, if all of the binomial coefficients in the expansion of (x - It are either 
o or I, we want to show that n = (p - l)(p" + p'2 + ... + p'm) with 0 ~ tl < t2 < 
· .. < tm • We know that every non-negative integer n can be uniquely written as n = no + 
nl P + n2 p2 + ... + n, p' with 0 ~ no, nl , ... , n, < p. Suppose that n; was neither 0 nor 
p - I in the unique expression of n. Then the coefficient of the term x" - pi would be, by 
Lemma 2.1 (b), 
(_IYi(;;) = n;modp. 
That is a contradiction and n = (p - l)(p'l + P'2 + ... + p'm) with 0 ~ tl < t2 < 
· .. < tm • 
The proof of Theorem 2 goes as follows. Consider: 
(a) The case of m > I and k ~ l. The coefficients in the expansion of (XI + x2 )" are the 
same as the coefficients in the expansion of (XI + X 2 + ... + Xm - Xm + I - Xm + 2 -
· .. - Xm+k)"' If all of the coefficients in the expansion of (XI + X2t are congruent to 
either 0 or I modulo p, then, by Corollary 1.1, all of the digits n; in p-ary expression of n 
(n = no + niP + n2p2 + ... + n,p') are either 0 or l. On the other hand, the coefficients 
in the expansion of (XI - Xm + I)" are the same as the coefficients in the expansion of 
(XI + X 2 + ... + Xm - Xm + I - Xm + 2 - ••• - Xm + dO. If all of the coefficients in the 
expansion of (XI - Xm + I)" are congruent to either 0 or 1 modulo p, then, by Lemma 2.2, 
the digits n; in p-ary expression of n are either 0 or p - I. Since p is an odd prime, p # 2 
and there does not exist any integer n such that all of the digits in the p-ary expression of 
n satisfy the two cases above. 
(b) The case of m ~ I, k > 1 and n being even. Since 
(XI + X2 + ... + Xm - Xm + I 
Xm+2 - •.. - Xm+k)" = (Xm+1 + Xm+2 + ... + Xm+k - XI - X2 - ... - xm)", we 
get back to the case (a). 
(c) Thecaseofm ~ l,k > landnbeingodd.Since(-xm + 1 - Xm+2t = -(Xm+1 + 
Xm + 2)", the coefficient of the term x~ + I is the expansion ( - Xm + I - Xm + 2)" is - 1 which 
is congruent to neither 0 nor 1 modulo an odd prime p. Since the coefficients in the 
expansion of ( - Xm + I - Xm + 2t are the same as the coefficients in the expression of 
(XI + X 2 + .. , + Xm - X m + 1 - Xm+2 - •.. - Xm+kt, not every coefficient in the 
expansion of (XI + X 2 + ... + Xm - Xm + I - Xm + 2 - ••• - Xm + k)" is congruent to 
either 0 or 1 modulo an odd prime p. 
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